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Abstract 

The numerical input for the quantitative consequences of the electroweak 
standard model, the hypercharge and isospin coupling constants and the Higgs 
field ground state mass value, are interpreted as normalizations of the symme- 
tries involved. Using an additional statistical argument, a first order quanti- 
tative determination of the Weinberg angle as a normalization ratio gives the 
experimentally acceptable value tan 2 9 = ~. 



Introduction 



The standard model of the electroweak interactions JL] derives its quanti- 
tative predictions with the experimental input of two independent coupling 
constants gi, g 2 for the hypercharge U(l) and isospin SU(2) gauge fields resp. 
and the harmonic particle analysis fixing ground state value M of the Higgs 
field. To determine those relevant scales and therewith the Weinberg ratio 
% = tan 2 9 and the masses of the weak bosons, different strategies and model 
extensions are proposed in the literature, e.g. the imbedding of U(l) and 
SU(2) as subgroups of larger groups or substructures, etc. 

In this paper the scales mentioned above are interpreted as symmetry 
normalizations which are determined by the representations of the relevant 
groups: g 2 ,(?2 as normalizations of U(l) and SU(2), the neutral weak boson 
mass as normalization of the spin group in the Lorentz group 0(3) C 0(1, 3) 
and the fine structure constant as normalization of the polarization group 
0(2) C 0(1, 3). The ground state mass M 2 is related to the normalization of 
the electroweak U(2). 

In addition to such a qualitative interpretation of the electroweak scales 
a quantitive attempt is given to determine with such a strategy the value 
of the Weinberg angle. This proposal relies on the experimental observation 
that the electroweak group seems not to be a direct product, but the product 
U(2) = U(l2)°SU(2) with the nontrivial hypercharge-isospin correlation^, |3| 
U(l2) fl SU(2) = {±12}. With an additional statistical argument a first 
approximation of the normalization ratio for the defining representation gives 
the value tan 2 9 — |. 



Chapter 1 

Masses and Coupling Constants 



In this chapter, the coupling constants and masses for the standard model 
vector fields are given in a formulation adapted for an interpretation as group 
normalization constants. 



1.1 Particle and Interaction Normalizations 
in the Standard Model 

Obviously, coupling constants and masses play an important role in the stan- 
dard model interactions They allow the experimental tests of the model by 
quantifying the transition from the interaction oriented field language to the 
ground state related particle language. 

The standard model ground state properties are implemented by the com- 
plex 2-dimensional Higgs field ip a=l,2 (x) with a mass M as ground state value, 
characterizing the minima of the potential V(<p) 

V(<p)=\ (<p*<p-M 2 Y, A >0 
<¥>(*)>=£=(£), M^O 

Therewith a translation invariant internal reference system is fixed for the 
hyperisospin field symmetry group U(2) = U(i2) ° SU(2) up to a remaining 
abelian particle symmetry with respect to the electromagnetic U(l)+ = U(l) 
subgroup 

<p(x)\ — > u(a ,a)(p(x), u(a ,a) = e ^ 6U(2) , * 

<£_ i — > u(a + )ip, u(a + ) = e a+ V2 ^ U(l) + 

The electromagnetic U(l) + is spanned with the projector l2 ^" T3 connecting 
hypercharge U(l2) — U(l) and isospin SU(2). With respect to the Killing 
form the v^2-normalization is used in the U(2) Lie algebra basis {^^f;^^} 
with the convenient 'double' trace tr = <5 a b- 

With regard to the internal symmetries the real 3-dimensional Goldstone 
manifold U(2)/U(l) + characterizes the transition from fields to particles. In 
contrast to the U(2)-symmetry for fields, particles can have only a nontrivial 



electromagnetic U(l)-symmetry. All particles come as SU(2)-singlets - there 
is no mass degenerated nontrivial particle isomultiplet. 

The kinetic terms for the Higgs field in connection with the vector gauge 
fields B^ =0 ' 1,2 ' 3 (x) for hypercharge U(i2) symmetry and W^(x) for isospin 
SU(2) symmetry are given in the Lagrangian 

L(tp,B,W) = Idj-i&gZtf-Viip) 

2 "T i/2 4 2 

The gauge fixing terms are omitted. For the vector fields a 1st order deriva- 
tive formalism is used with gauge fields and curvatures as canonical pairs, 
(B,F) and (W,F), connected in the derivative terms. The curvatures arise 
by variation in the equations of motion 

g fF jk = d k B j - d j B k , g 2 F jk = d k W j -d j W k + W k xW j (1.4) 

where the coupling constants show up as curvature normalizations. g\ and g\ 
are called internal normalizations for hypercharge and isospin interaction resp. 

A more familiar notation uses the coupling constants in the current gauge 
field coupling with the rescaling 



B = gi B, 
W = g 2 W, 




J k B k + Pw h = 9l J k B k + g 2 J k W k (1.5) 



.92 



which shows that the coupling constants are dynamically relevant only for 
the case of a nontrivial interaction. Only the squares g 2 occur, therefore 
9 = +V / <P can be defined as positive definite. Positive and negative elec- 
tromagnetic charges arise by U(l) + -representations with positive or negative 
winding numbers. 

The hyperisospin transformation on the gauge sector is given by 

Bj i — > Bj + djOi , /•}/, i — > F jk 

Wj .— > OffliWj) + dja, F jk .— > 0(a)(F jk ) (1.6) 

0(a) e SO(3) = U(2)/U(l 2 ) 

The projection of the interaction fields to the ground state gives the vector 
particle mass terms 

h<p,b,w)= i(^;^)i 2 ^ + ... 

+F j k d i B h -dkB i + g 2F^Fjk + pjk djWkzdkWj + g 2 F ]k F ]k + 

(1.7) 

diagonalizable with the Weinberg rotation 0(9) defining the massive vector 
field Z*(x) and the massless electromagnetic one A>(x) 

<W=U. -.)^o( 2 ) = | ( | ) = (j i ) =ow (^j =ow( * ) 

(1.8) 



The Weinberg angle 9 and the electromagnetic U(l) + -normalization (coupling 
constant) e 2 are related to the U(l 2 ) and SU(2) normalizations (coupling 
constants) g\ 2 by two conditions: The massive field Z has to occur in the 
combination of the M 2 -proportional term in the Lagrangian and the massless 
field A has to be normalized with respect to the remaining gauge invariance 



tan# = 3k 

Zj-Bj-W?, => \ 0(9) _ i / 32 91 \ 

A .^ Aj + d . a+ ^ = j ? + j l 



These two relations for 9 and e 2 define the electroweak rectangular triangle 
with the U(l) + -hypotenusis ^ and the U(i2) and SU(2) sides i and — resp. 
The Z-coupling constant — is determined as the height of this triangle 

egz = gm => g 2 z = 9i + 9% (1-10) 



The orthogonal Weinberg transformation 0(9) for the rescaled fields B_, F_ 
etc. is a special linear transformation S(9) for the unsealed fields B, F etc., 
contragredient (inverse transposed, denoted by —IT) to each other for the 
canonical pairs 

m = coi,)esL(R 2 ) f(g) = 

5(C) = S(0)~ 1T = -f *) ■{(£) = £(*)(*) (i - Uj 

The transformation 5'(6 I ) shows the ground state induced direction 1 2 + T3 in 
the first line as (1,1), i.e. F + F$, the contragredient transformation S(9) 
involves the complementary 'broken' direction I2 — T3 in the 2nd line (—1, 1), 
i.e. -W 3 + B. 

The normalizations (coupling constants) of the U(l 2 ) and SU(2) interac- 
tion fields on the one side and ground state projected fields on the other side 
are related to each other as follows 

( f I ) S(9f = ( f for tan 2 5 = f (1.12) 

The Weinberg rotation from interaction fields to particle fields leads to the 
kinetic terms for the vector fields 

L(B,W)= F 3 A k djAk - dkAj +e 2 ^^ 

jk d,Z k -d k Z, 2 FfF Zjk . M 2 (g2+g2) Z Z j 

+t z 2 +9z — 4 — + pr — (1.13) 

_|_ ^2 (J?ik djW ak -d k W a:j _|_ g2 Fl k F ajk _|_ ^2 WgjWjj ^ 
o=l,2 

The particle masses /1 arise from the products of the coefficients for the 
curvature ^ and the vector field z 2 W whereas the quotients of the coeffi- 
cients define constants £ 2 and i, called external normalizations related to the 



particles 



2 1 ~ 4 

+ £ (Fi k d * w <»'- 9kW « + ^(^4^ + p- 2 ^)) (1-14) 

o=l,2 ~ 147 



with ^ = (^i+^ 2 )M 2 =^M 2 , 4 

'W ~~ M 2 



sj+sl _ si 

M 2 

2 



Planck's constant ft and the maximal action velocity c are used as natural 
units. 

The currents J k (x) for hypercharge U(l 2 ) and for isospin SU(2) have 

to be transformed as the curvatures 

(£) = 5 W(/s) = (-^///^j.) (1-15) 
to obtain the interaction in the asymptotic particle basis 

-L( J, B, W) = J k B k + J k W k = J k A A k + J k Z k + ^ J* 

a=l,2 

= ( J fe + J|)A fe + (- sin 2 6J k + cos 2 6J k )Z k + £ J a fe W afc 

a=l,2 

(1.16) 

The standard model cannot determine the dimensionless values |^ ~ -jj^, 
tan 2 # ~ 0.3 and the ratio of M ~ 123^^ to any reference mass. Those 
values are taken from the experiments with the energy momentum dependent 
Weinberg angle at the Z-mass. Using dual rectangular triangles 

T = ( ai ,a 2 ;c\h) : a j + a 2 2 = c 2 \ 

i 1.1m. i , i _ j_ } , aia 2 = ch, tanfl = -L (1-17) 



V a2 ' ai ' ft 1 c ' a| 



ft 2 



one has for the coupling constants Q, the masses M. and the normalization 
constants C 2 

couplings: Q = (g u g 2 ; g z \e) ~ ( jg, y&] yz\ jg) 

masses: M = // z |// e ) ~ (43.4, 80.2; 91.2|38.2)^ 

normalizations: £ 2 = (£ 2 , £ 2 ; £ 2 z \£ 2 e ) 1 5J 

M = MQ, C 2 = ±g 

fi e and Hi are no particle masses in contrast to the W- and Z-masses (j,w and 
Hz resp. 

The internal interaction normalizations axe Q 2 and the external particle 
normalizations C 2 and ^ , related to each other by the ground state mass value 
M. 

The Feynman propagators for the particle vector fields are characterized 
by the mass as momentum space pole and the residue as the coupling constant 



involved 



{TZ*Zi)(x) = -i / ^fo* - ) ?T fc f , = § = Ml 

(TA^X*) = -i / + gauge dep., e 2 = £ = ^ 

(1.19) 



1.2 The Quantum Mechanical Oscillators 

The quantum mechanical oscillators can be used as a simple model to illustrate 
the interplay of masses and coupling constants. 

The isotropic Bose oscillator in n dimensions has as Hamiltonian with mass 
m and spring constant k 

Hn = i + k£ (p, g) = (p., fcOJU (1-20) 

to be compared with the field theoretical expression g 2 ^- + M 2 ^- e.g. for 
the massive W^-fields. The quantum mechanical analogue of the coupling 
constants g 2 for relativistic fields and the ground state mass M 2 is the inverse 
inert mass — for mass points and the spring constant k resp. The characteristic 
frequency and the intrinsic length I of the oscillator are given with the 
product and the quotient of inverse mass and spring constant 

H. = S-^, „' = *;, = £ (i.2i) 

h is used as natural unit. The mass of a particle, e.g. the Z or W mass Hz,Wi 
has its analogue in the mass point frequency //, not in the inert mass m. 

The time dependent quantization of the harmonic oscillator with the short- 
hand notation [a,b](t — s) — [a(s),b(t)] is a U(l) = SO(2) representation 

(1.22) 

Dim = (£& = N(i 2 ) = (? 

The harmonic oscillator mass arises in the residue ^ of the integral rep- 
resentation for the time dependent quantization. One has with the principial 
value (/x 2 )p integration contour in the energy plane 

[?«,<&](*) = SatiPsmtn = -5 ab 1 ^ J dEe^^^, ± = £ = ^ 

(1.23) 

The characteristic length £ can be absorbed in the 'free' oscillator by the 
rescaling 

Q = *q, P=W (1-24) 



i.e. it has no physical relevance. If, however, a nontrivial rotation O(n)- 
invariant g^-dependent potential V is added, e.g. {(f) 2 for an anharmonic 
oscillator or — k y — for the Kepler dynamics, £ 2 is relevant for the coupling 
constant 

H n + V =»**+k*L + Vtf)=»£f + V (ef) (1.25) 



The oscillator length £ normalizes the 'real' and 'imaginary' combination 
of the creation operator u and the annihilation operator u* 

In the complex creation-annihilation formulation the characteristic length does 
not show up in the U(n)-symmetric Hamiltonian 

H n = pi&p-, K,n b ](t)=5 ab e^ (1.27) 



The quantum mechanical meaning of the particle normalization £ 2 is given 
with the Fock ground state of the harmonic oscillator. For the Fock space with 
the ground state values 

n=l: ((u*u)") = l, iV = 0,l,... 

n > 1 : ((u^UbJ • • • K N u bN )) = 5 aibl ■ ■ -S aNbN 

the time dependent Fock values for position and momenta with the short- 
hand notation ({a,b})(t — s) = ({a(s) , b(t)}) are the product of the particle 
normalization matrix N(£ 2 ) with a time representation 



{{iPa,q b }) {{q a ,q b }) \ (+\ _ f ( jsint/i £ 2 cost^\_,- M ( P 2 \T> (t\ ,,\ 
({Pa, Pb }) {{qa.-iPbVjW ~ M^coet** i™t/i J ~ < Wn* 
({iPa,q b }) ({qa,q b }) \(r>\ _ r AT(p2\_X ( £ 2 \ 



;i.29) 



N(£ 2 ) contains the dual normalizations of positions and momenta, i.e. £ 2 and 
resp. 

The sum of time ordered quantization and Fock values is the quantum 
mechanical analogue of the Feynman propagator, given for the position with 
the oscillator frequency as energy pole and the inverse mass as residue 

(Tqq)(t) = ({q,q})(t) - e(t)[q,q](t) = £ 2 (costfi- ie(t)smtfi) 
= f e -i\t\» = _±j dEe itE ± ± = ^ = fii 2 

7r J E z - s rio—a i ' m k " 



1.3 Fock Normalization for Particles 

The particle expansion of the vector fields in the standard model 1 



e ix i\i n (q)+e- ix iu* n (q) 



n=l,2,3 



(2tt) 3 Y 90 Vz ' 



n=l,2,3 



+e 



a = 1,2 



n=0,l,2,3 



-go 



n v e 



V2 



73 



"!TI* 2 ('i?'l 



V 



i.3r 



uses the energy g = vV 2 + <P f° r A 4 — VziVwi® an d the boost A( 2 ) with 
positive mass fi > for SO + (l, 3)/SO(3) to transform to a rest system and 



H{t)-> 1o — \q\, i- e - with vanishing mass fj, — 0, for SO (l,3)/SO(2) to 
transform to a rest system with a polarization direction. The two nonparticle 
components (. . .) (Coulomb and gauge degree of freedom for n — 0, 3) for the 
massless electromagnetic field are not given explicitly. 

The quantization and Fock values for the creation and annihilation opera- 
tors 

[u*(p), u(g)] = 5(g - p) = ({u*(p), u(q)}) (1.32) 
exhibit the external normalizations £%, for the massive particles involved 



<{Z* Zi})(s) 
<{W* Wj?}>0n) 



E / 



rf 3 qe " g Mz A/tU /)2 rmn 



n,m=l,2,3 



(2tt) 3 (jo V Mz 



n,m=l,2,3 



^A(£& ^^5 afc cosxogo A(^)i 

(1.33) 

The Fock values for the two massless particle degrees of freedom (photons) 
rn, n = 1, 2 in the electromagnetic field 



{{A\Ai}){x) 



E / 



>^H(±)i e o co SXoqo o 



n,m=0,l,2,3 



(2tt) 3 90 ^o ;m e 



±J -\q ln 



have as external particle normalization P e = — . 



1.34) 



Chapter 2 

Normalization of Symmetries 



In this chapter, the mathematical structure for symmetry normalizations (cou- 
pling constants and particle masses) is given together with its application to 
the standard model vector fields. 



2.1 Dual Normalizations 

A nondegenerate quadratic form (, i.e. a symmetric real bilinear or complex 
sesquilinear form of a finite dimensional vector space V with scalars IK = R 
and K = d resp. 

/• / ) - v xV > K { W>} = fe^ ' bilinear / 2 1) 

' \C(t>,u>) = £(iu,i>), sesquilinear 

induces an (anti)linear isomorphism to the dual space V T , containing the linear 
V^-forms 

r c(v + w ) = c( v ) + c( w ) 

(:V — >V T ,v* — ► ((v) = ((v, ), I ((av) = a£(v), a e R, bilinear 

[ CI 01 ' 17 ) — ckC(' j; )) cc G (E, sesquilinear 

(2.2) 

and therewith the inverse quadratic form ( for the linear forms 

C( > ) :V T xV T — > K, C(w, fl) = C(C" », C" 1 (*)) (2-3) 



With the isomorphism £, the quadratic form can be expressed by the dual 
product of vectors V and linear forms V T 

dual product : V T x V — > K, (<^,f) 1 — ► ct'(f) = (uj,v) 

C( , ) : ^xy^K, CM = (C(u),w> (2.4) 
£(, ) : v^xV^^K, C(w,e) = (o;,C- 1 (fl)> 

Nondegenerate quadratic forms are characterized by a signature (n + ,n_), 
i.e. by their real orthogonal invariance groups 0(n + , n_) for real vector spaces 
V = R n , n = n + + n_, or unitary ones U(n + ,n_) for complex vector spaces 



V = (D n . If {e a } n a=l and {e a }" = i are dual bases of V and V T , i.e. with the 
dual product (e a , e b ) = 5 a , their squares build the matrices C(e a , e b ) = ( ab and 
C(e a , h) = Cab- 

A quadratic form of a complex vector space defines a U(n + , n_)-conjugation 
U(n + ,n_): ((v) = v* = ((v, ), C"» = = C(", ) (2.5) 



Only real, not complex quadratic forms are expressable by power two ten- 
sors, written in, but independent of bases 

0(n n)- { $ =Ue a ®e b eV®V 

Orthogonal bases of vector spaces with definite bilinear forms, i.e. of scalar 
products with n_ = 0, define dual normalizations £ 2 and for the compact 
symmetries acting on the vector spaces V and V T 

{ t(e a e b \ = P 2 fi ab 
for 0(ra),U(ra) : ) ! ' ! _° , f > 

I S\ e ai e b) — pOab rn y\ 

( , . | C = ^ ab e a ®e b eV®V 

tOT U W • 1 C = t 2 S ab e a ®e b eV T ®V T 



2.2 Dual Normalizations for Oscillators 

The harmonic Bose oscillator (section 1.2) has an 0(n)-invariant scalar prod- 
uct for the dual spaces of positions q G $> = R ra and momenta p G $> T = R n 

):SxS— R, {°M=°(M 

*(,):S T xS T — R, { ^ = ^ n 
v ' ' I cr(p,p) > p^O 

Using dual and orthonormal bases {q a ,Pa}a=i one nas the invariant tensors 
with the intrinsic oscillator lenght £ 

/ \ r / v(qa,qb) = t 2 5ab => <5 = £ 2 Pa®Pa (e) Q x 

{Pa,qb)=0ab, < M x_ 1, I (2.9) 

I &{Pa,Pb) — -pOab => & — Jiqa <5> <Za 



a(q,q) > g ^ ^ ^ 



The sum of the dual scalar products, multiplied with a constant /i leads to the 
quantum mechanical Hamiltonian 

(Pa,qb)=$ab => [iPa,qb]=8ab 
A* 2 — ^ 2 n — ^ 2 

£ 2 and are the dual particle normalizations of O(n) acting on positions and 
momenta. 



2.3 Interaction Normalizations 

for the Standard Gauge Fields 

With respect to the internal degrees of freedom the gauge field sector in the 
standard model is built with dual real 4-dimensional vector spaces for gauge 
vector fields and curvatures which are the direct sums of 1- and 3-dimensional 
subspaces 

curvatures: G = d © G 3 = 1R © 1R 3 with basis {F, F a } 
gauge vectors: G T = G\ ® G^ = R © R 3 with basis {B, W a } (2.11) 
dual bases: (B, F) = 1, (W a , F b ) = 5 ab 

The hyperisospin group U(2) = U(l2) o SU(2) acts nontrivially only on the 
isospin subspaces G 3 ,Gj as U(2)/U(l 2 ) = SO(3). 

The squares of the coupling constants reflect a U(2)-invariant scalar prod- 
uct with dual normalizations g 2 and jp of the internal groups acting on gauge 
vectors and curvatures 

g( , ) : G x G — > 1R, g(F,F) = g(F a ,F b ) = S ab ^ 

<?( > ) : G T x G T — >■ 1R, g(B, B) = g\ g(W a , W b ) = sjg* (2.12) 
g = g\F^g\F\ 9 = ^ + ^ 

The Lagrangian uses the gauge invariant metrical tensor g for the curvatures. 

The distinction of the electromagnetic group U(l)+-direction 1 2 + r 3 in 
the ground state defines the basis transformation S(9) e SL(R 2 ) in the 2- 
dimensional curvature subspace spanned by {F, F3} and to the contragredient 
transformation in the vector field space spanned by {B, W 3 } (section 1.1) 

1 1 \ 
-sin 2 e cos 2 e G SL( R ) 

12 / 




i 2 

3S 2 6» sin 2 6» \ 

-1 1 e SL(R 4 ) 

1 2 / 



The internal normalizations read in the new basis 





(2.13) 



(2.14) 



a=l,2 



2.4 Higgs Mass as Unit 

for the Goldstone Manifold 



The algebraic framework for the ground state properties implementing com- 
plex Higgs vectors (p (section 1.1) uses a U(2)-invariant scalar product of the 



complex 2- dimensional Higgs vector space H = (C 
(|): Hx H — ><E, < 



f (<p\<pr) = (<f/\<p) 
{(p\(p) >0 y?^0 (2.15) 

[<P* = (<p\)e H T 



In the real 4-dimensional manifold GL((C 2 ) r/U(2) of the classes of U(2)- 
equivalent bases with GL((C 2 )r taken as real 8-dimensional Lie group, the 
orthogonal bases {(p a } a =i,2 with the diagonal matrix 

(<p a \<p( ) ) = M 2 8 a t } , (|)^M 2 (j;) (2.16) 

define the normalization M 2 of the hyperisospin group U(2) acting on the 
Higgs space. 

Any nontrivial vector ip E H fixes an orthogonal basis up to the electro- 
magnetic U(l) + -direction. Therefore M can also be called the unit of the 
Goldstone manifold U(2)/U(l) + which relates fields and particles with repect 
to the internal degrees of freedom. 



2.5 Induced Normalizations 
for Lie Algebras 

If a real Lie algebra L acts on a real or complex vector space V by linear 
endomorphisms 

LxV — >V, l*v = V(l){v) (2.17) 

each vector v G V induces via a quadratic form ( of V a symmetric bilinear 
form on the Lie algebra, definite for a scalar product 

The induced bilinear Lie algebra form is trivial for the Lie subalgebra which 
acts trivially on the vector v 

( v (l,L) = {0} for I e FIX V L = {I e L\Uv = 0} (2.19) 

( v is nondegenerate for the quotient vector space Lj FIX V L and a scalar prod- 
uct thereon for a scalar product (. 

In the standard model (section 1.1) the vector fields obtain their masses 
in the mechanism just described: The Lie algebras for hypercharge and for 
isospin logU(2) = logU(l 2 ) © logSU(2) act on the Higgs vectors H = (C 2 



l°»ifP = jtf> a , Z° e logU(l) = R 

l a • <p a = ^{ T %^, l a E logSU(2) ^ R : 



(2.20) 



The electromagnetic Lie algebra logU(l)+ is the Lie algebra acting trivially 
on each nontrivial Higgs vector 

Hb^O^o, <V#> = M 2 

FIX>gU(2) = logU(l)+ = *R^ l ' ; 



The scalar product induced on the Lie algebra logU(2) is nontrivial on the 
vector space logU(2)/U(l) ^ H 3 for the massive Z- and IV^-particle fields 



yf. I ^ /£ \ 2 », 2 . . . _ (2.22) 



2.6 Particle Normalization 

for the Standard Gauge Fields 

The normalization of the Lorentz group SO + (l, 3)-action shows up in the par- 
ticle normalizations £ 2 (section 1.1). The distinction of the definite subgroups 
of the Lorentz group goes parallel with the Wigner classification ||, |, || of the 
representations of the Poincare group: Via the massive particles the definite 
spin group SO(3) = SU(2)/I 2 is normalized, via the massless ones the def- 
inite cirularity (polarization) group SO(2) = U(l) inside the Lorentz group 
SO+(l,3)^SL((C 2 ) R /I 2 . 

Similar to the internal symmetries with the Goldstone manifold U(2) /U(l) + 
characterizing the field particle transition, there arise for the external symme- 
tries the Sylvester and Witt manifolds SO + (l, 3)/SO(3) and SO + (l, 3)/SO(2) 
resp. relevant for the harmonic particle analysis of the relativistic fields. In 
contrast to the fields, particles have no full Lorentz symmetry, massive particles 
keep the spin SO (3) symmetry, massless ones only the circularity (polariza- 
tion) SO (2) symmetry. 

To be more explicit: The Lagrangian for a massive vector field 

L(Z, F Z ) = \F^e^d x Z m + + If) (2-23) 

with the Clebsch-Gordan coefficients e l j% = ^d^—d^J 1 and dual normalization 
constant i\ and 4- gives rise to the commutators of the canonical pair (Z, Fz) 

/ [iFf,Zi] [Z k ,Zi] 
\\F™,F z m ] [Z k ,-iF z " 



» l s K z t s \ f d 4 <?e" g r ( n 0\ n X( n 2 ,.2\( 71 kj_ l _q k q : > 



[2.24) 



The Z-commutators 



\Z k M{x) =S*£*ul A(^) k jZZ]™(x )A(^y n (2.25) 



(2vr) 3 go 

involve the SO (3) normalization l 2 z 

[ZZ}(x ) =£% (J ; 3 )ismx q , £% = § = gfr (2.26) 
and the boost A(-^) for the transformation to a Sylvester basis 



The boosts represent SO(3)-classes of the Sylvester manifold SO + (l, 3)/SO(3). 
The Fock values of the anticommutators use the analogue structures with 

{{Z\ V}){x) = j *%?g M±) k m ({zz}n(xo)M±)l , 28) 

({ZZ})(x )=f z (J l)cosx oqo 1 • ] 

For massive vector particles a rest system with a time direction has to be fixed 
up to space rotations SO (3). 

For the massless electromagnetic vector fields the Lagrangian contains in 
addition to the coupling constant e 2 also the gauge fixing terms with a scalar 
field L(x) and gauge fixing parameter k 

L(A, F A , L) = iFfifydiAn + LdiA 3 + e 2 ^^ + (2.29) 

The curvature F A and the gauge fixing field L are the canonical partners for 
the gauge field A. The nontrivial commutators are given by 



([iF%,Ai] [A*,Aj]\ ( ,_( *f« \\M As ](r) 

~ J (2tt)3 e W0j^el j_ 



(2.30) 



j^47Y 32 ^f% 2 ) £% 2 ) 



In the space-time translations analysis the vector field components are ex- 
pressed in a Witt basis 

[A k , Ai](x) = J d ^P^H(f o )i [AA] k -i(x ) H(f o )i (2.31) 

The transversal components (photons) have the SO(2)-normalization £ 2 , the 
nondiagonal light fixing parameter a is combined from e 2 and the gauge fixing 
parameter k 

. / -a\ / e - ix ° q ° \ 

[AA](x ) = £ 2 e \[ o ia o )ismx qo + ix qoP[ o o o } 

l \~a J \ e"»'» / 

/)2 _ _ _£e_ _ 3e 2 +K /o _ e 2 +K 

C e Me M 2 ' 2e 2 ' ' J 2e 2 



(2.32) 



The transmutation to a Witt basis is performed by H(-j^) (Sylvester indices 



k,j,... = 0,1,2,3, Witt indices k,j,... = 0,1,2,3) 



o o 



V 9 u + 9 3 q U + 9 3 \/2 

q" + 9 a H q u +q'- i -/2 



,q 2 = 



(2.33) 

For the massless photons a rest system with one space axis, e.g. a 3rd direction, 
has to be fixed up to space plane rotations SO (2). 

The 1st and 2nd component have a particle structure with Fock value 

k,j G {1,2} : ({AA})(x ) = f e l 2 cosx q (2.34) 



Chapter 3 



Determination of 
the Weinberg Angle 

In this chapter a symmetry normalization related framework is proposed and 
conditions are given therein leading to a numerical determination of the Wein- 
berg angle. 

To recapitulate: The four coupling constants g or masses // in the elec- 
troweak triangle for the standard model 

Q = (9i, 92] 9z\e) = ±(n 1: n w ;VzW) = M{t\,i\;l\\l 2 ^ 

~ f-L J_- _L|_L) [6A) 

V2.9' 1.6' 1.4 I 3.3 ^ 

contain the interaction symmetry normalizations g\ for hypercharge U(i2) and 
g\ for isospin SU(2). The particle normalizations £ 2 Z and £ 2 are related to the 
stability groups SO (3) and SO (2) resp. of the neutral massive and massless 
particles resp. in the Lorentz group SO + (l,3). M 2 normalizes the internal 
group U(2). 

To compute the interaction and particle normalizations (for a first purely 
algebraic orientation without the interaction related running of the coupling 
constants), one can proceed in three steps: First, the ratio of the U(i2) and 
SU(2) normalizations has to be understood, i.e. the Weinberg angle tan 2 # = 
%. An attempt for this first step is given in this chapter. Therewith the 
form of the electroweak triangle and the ratios of electroweak masses, coupling 
constants and normalizations are determined. As a second step, the absolute 

2 

value of one internal coupling constant, e.g. the fine structure constant |-, has 
to be given. Finally, the U(2) unit M 2 has to be related to other masses, e.g. 
to the Planck mass or to the proton mass. 

3.1 Invariant Lie Algebra Forms 

Representations of Lie symmetries have their intrinsic metrical structure: Any 
representation of a Lie algebra L on a vector space V, both finite dimensional, 
in the endomorphisms algebra with its natural Lie algebra structure 



LxV — >V, lmv = V{l){v) 



(3.2) 



gives rise to the ^-associated L-invariant multilinear trace forms 
4 : Lx-yxL — > K, 4(h, ...,l k )= trP(Zi) o • • • o V(l k ) 

k— times (3-3) 

I • t* (Zx, . . . , l k ) = t v ([i, h], ■ ■ ■ , k) + ■ ■ ■ + 4(h, ■ ■ ■ , [i, k\ ) = o 

Any irreducible representation of a semisimple Lie algebra L on a complex 
vector space V gives an invariant bilinear Lie algebra form, unique up to a 
normalization. These associated bilinear forms are multiples at v , a G K, of 
the 'double' trace 

f 2 ( ^.r x r jt 2 v {l,m) = trV{l)oV{m) =t 2 v {m,l) , , 

The bilinear form associated to the adjoint representation is the Killing form. 

E.g. the real Lie algebras logSU(n), especially the isospin Lie algebra 
logSU(2), can be spanned with the (n 2 — 1) generalized Pauli matrices as 
basis 

basis of log SU(n): {l a = ^r{n) a \ a = 1, . . . , n 2 - 1} 

for SU(2) : {r(2) a = r a \ Pauli matrices} (3.5) 

for SU(3) : {r(3) a = A a | Gell-Mann matrices} 

The generalized Pauli matrices have the structure constants 

T(n) a r{n) b = H ah \ n + (S abc + ia abc )r{n) c 

totally symmetric 5 ahc G R (3.6) 
totally antisymmetric a abc G R 

The defining representation of log SU(n) on V = (C n has as associated bilinear 
forms 

t 2 n ( , ) : logSU(n) x logSU(n) — . R 

t 2 n (l a ,l b ) = a n ti^r(n) a ^r(n) b = -a n 5 ab , a n G R [6J) 

SU(n) has no structure which distinguishes any normalization a n . 

Since for a semisimple Lie algebra the derived Lie algebra [L, L] coincides 
with L, all nontrivial L-representations have to be traceless, i.e. there do not 
exist nontrivial invariant linear forms for semisimple Lie algebras. 

This is different for abelian Lie algebras where the 'single' trace is a basis 
for the invariant linear forms 

LxV — >V, lmv = V(l)(v) 



t v :L — > K, 



t v (l) = trP(Z) (3.8) 

*M[M) = o 



Therewith one obtains the invariant bilinear forms of abelian Lie algebras from 
the squared 'single' trace 

t\}\,):LxL — >■ K, t]?(l,m) = trV(l)trV(m) (3.9) 



E.g. the real Lie algebras logU(l n ) with basis {1° = ^l ra }, especially 
the hypercharge Lie algebra logU(i2), have as invariant bilinear forms in the 
defining complex n-dimensional representation 



Again, U(l n ) has no structure which distinguishes any normalization (3 n . 

3.2 Relative Normalization 

of Hypercharge and Isospin 

In the electroweak sector of the standard model the internal group comes 
as product group U(2) = U(i2) ° SU(2), but apparently not as the direct 
product group U(l) x SU(2). The correlation of hypercharge and isopin via 
the common subgroup U(l 2 ) H SU(2) = {±12} can be seen on the colourless 
sector of the standard model |3|] where fields with integer and half integer 
isospin T have always integer and half integer hypercharge Y resp., e.g. the 
left handed electron fields (T,Y) = (§, — |), the right handed electron fields 
(0, -1), the SU(2) gauge fields (1,0) etc. 

The situation is more complicated for the colour nontrivial sector, e.g. for 
the quark fields, where in addition to the SU(2)-center = ±12} (two- 

ality) also the SU(3)-center {^1^} (tri-ality) has to be taken into account. 
Triality is correlated to third integer hypercharges: E.g., the left handed quarks 
as isospin doublets dx = 2 and colour triplets d c = 3 have hypercharge Y = 
^L_. This relation has been discussed to some extent in|7|, I will consider 
in this paper only the colour trivial electroweak sector. 

The invariant bilinear forms for the defining representation of the real n 2 - 
dimensional Lie algebra logU(n) allow two real normalization constants (3 n 
and a n for the Lie subalgebras logU(l n ) (abelian) and logSU(n) (simple) 
resp. 



tY(, ): logU(l n )xlogU(l n ) — 
C(/°,/°)=/3 n (tr^l„) 2 



R 




(3.10) 




R 




(3.11) 



These bilinear forms read in the basis with Pauli matrices 




(3.12) 



The real 2-dimensional space of the invariant bilinear forms of log XJ(n) (co- 
efficients a n , (3 n ) can be decomposed into the bilinear forms with symmetric 
and antisymmetric 'double' trace, called Fierz symmetrical and antisymmetri- 



± 



cal forms with normalizations «.„ 
9n( > ) : l°gU(n) x logU(n) — > R, {gM =°J(trJtrm± trlom) 

9 ,t(,)^-«J(<T> J,), 9 ,;(,)^"a-((Y> _Z ,) 

(3.13) 

Only the Fierz symmetrical forms g+ are definite. The indefinite Fierz anti- 
symmetrical forms have signature (l,n 2 — 1). The invariance groups of the 
quadratic forms g£ and g~ are the compact group 0(n 2 ) and the noncompact 
group 0(l,n 2 - 1) with SO(n 2 - 1) embedding U(n)/U(l n ). 

For the hyperisospin group U(2) one obtains as Fierz (anti) symmetrical 
quadratic forms 

9t( , ) = -at(l £)' 92 ( , ) = -°i 3 ) (3-14) 

If one can give an argument in favour of the definite Fierz symmetrical form 
g 2 as the physically relevant hyperisospin form (next section), the ratio of 
the normalizations of abelian U(l„)-symmetry and simple SU(n)-symmetry 
is fixed 

U(2):^(,)=ff _J l3 ) ^tan^ = f = f (3.15) 



and in the general case 



o 



r2 



U(n) :<?+(,)=( % ^ n2 _J =► tan 2 ^ = | = ^ (3.16) 



3.3 Fierz (Anti) Symmetrical Forms 

Statistical structures can determine the Fierz (anti) symmetry of the bilinear 
forms for the U(2)-normalization: The endomorphisms of a finite dimensional 
vector space V are isomorphic to the tensor product V <S> V T of space and dual 
space, the invariant linear trace form is the dual product 

tr v <S> oj = (cu, v) 

tr[/,</]=0 (3.17) 



tr : V <8> V T — > K, 
dual bases tr e a ® h = (h, e a ) = 5% 



The extension of the trace from V <E> V T as 'double trace' for invariant 
linear forms for the power two tensors (V <8> V T ) 2 can be done in two ways, 
symmetrically or antisymmetrically 

tr 2 : {V ® V) ® {V ® V) T — ► K 

trK^i u 2 ) <g> (ui <g) u} 2 ) — {ui,vi){u2,v 2 ) ± {wi,v 2 ){u>2,vi) 

These two possibilities are the appropriate nontrivial forms for the symmetrical 
V or antisymmetrical A 'square' of the vector space V 

tr + : (V V V) <g> (V V V) T >■ K 
tr 2 : (VA V) ® (V AV) T — > K 



The gauge interactions of the standard model act on vector spaces V with 
U(2) representations. Those vector spaces carry in the quantum structure ei- 
ther Fermi or Bose statistics, characterized by [v, u] = or {v, u} = resp. 
for v,u e V. Therefore only the symmetrical product V V V or the antisym- 
metrical product V A V is nontrivial, e.g. for the Higgs vectors (p G H = (E 2 
with Bose statistic 

2<p A A (p B = [y? A , = 0, nontrivial 2<p A V <p B = { V A , <p B } (3.20) 

In a quantum structure where the hyperisospin U(2)-interactions get their 
normalization via a vector space acted on only with the defining U(2) repre- 
sentation, the associated bilinear form for the Lie algebra of U(2) has to be 
either Fierz symmetrical or antisymmetrical. The definite forms g£ require 
symmetrical combinations of the underlying 2-dimensional U(2) representa- 
tions. 

Obviously only the normalization ratio (mixing angle) for logU(i2) (hy- 
percharge) and logSU(2) as Lie subalgebras of logU(2) is fixed by such a 
statistical argument, not the absolute normalizations. 
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